Transport formulas for multi-component plasmas within the effective
  potential theory framework by Kagan, Grigory & Baalrud, Scott D.
ar
X
iv
:1
61
1.
09
87
2v
2 
 [p
hy
sic
s.p
las
m-
ph
]  
14
 M
ay
 20
18
Transport formulas for multi-component plasmas within the effective potential theory
framework
Grigory Kagan1, ∗ and Scott D. Baalrud2
1Theoretical Division, Los Alamos National Laboratory, Los Alamos, NM 87545
2Department of Physics and Astronomy, University of Iowa, Iowa City, IA 52242
(Dated: September 19, 2018)
The recently proposed effective potential theory [Phys. Rev. Lett. 110, 235001 (2013)] allows
evaluating transport in coupled plasmas with the well-developed formalisms for systems with binary
collisions. To facilitate practical implementation of this concept in fluid models of multi-component
plasmas, compact expressions for the transport coefficients in terms the generalized Coulomb loga-
rithms are summarized from existing prescriptions. For weakly coupled plasmas, characterized by
Debye-shielded Coulomb interaction potential, expressions become fully analytical. In coupled plas-
mas the generalized Coulomb logarithms need to be evaluated numerically. Routines implementing
the described formalisms are included as supplemental material.
I. OVERVIEW
Evaluation of the transport coefficients for coupled
plasmas is greatly complicated by the many-body physics
of particle collisions. The recently proposed effective po-
tential theory (EPT) addresses this issue by stipulating
that, as far as transport is concerned, collisions can be
considered effectively binary even at finite coupling, with
the many-body physics manifesting itself solely through
modifying the interaction potential between the two col-
liding particles [1]. In turn, the effective potential en-
ters expressions for the transport coefficients through the
so-called “generalized Coulomb logarithms”, which are
closely related to the standard gas-kinetic cross sections.
The resulting transport predictions for a one compo-
nent plasma (OCP) prove in a remarkable agreement
with molecular dynamics (MD) simulations, encourag-
ing extension of the EPT concept to the case of a plasma
with multiple ion species. While kinetic calculations for
multi-component systems are more complex, the problem
is well explored in the literature on diluted gas mixtures.
In this Note we summarize the existing transport results
in the form convenient for practical use.
Local transport formalisms for systems with binary
collisions assume that the distribution function fα of a
given species α weakly deviates from equilibrium, δfα ≡
fα−f (0)α ≪ f (0)α , due to the Knudsen number NK ≡ λ/L
being small, where λ and L are the characteristic mean
free path and background scale, respectively. The lin-
earized Boltzmann equation is solved for δfα whose mo-
ments give transport coefficients of interest.
In the commonly used Chapman-Enskog approach, the
solution for δfα is obtained by expanding it over a set of
orthogonal polynomials of the particle velocity ~v. Ac-
cordingly, precision of the resulting transport coefficients
is governed by the number ξ of the so-called Sonyne poly-
nomials kept in the expansion over the radial component
∗ E-mail: kagan@lanl.gov
of the velocity. Following earlier works we will denote
the approximation level, in which transport quantity Q
is evaluated, by [Q]ξ. Transport calculations based on
Grad’s method use different precision nomenclature, but
it is straightforward to observe that the orthogonal poly-
nomials employed there are the same and therefore local
transport results are identical to those obtained with the
Chapman-Enskog approach. In particular, Grad’s 21N
results by Zhdanov [2], in Chapman-Enskog’s nomencla-
ture correspond to ξ = 3 for the heat and diffusive fluxes
and ξ = 2 for viscosity.
One difference between the neutral gas mixtures and
unmagnetized plasmas with multiple ion species is pres-
ence of electrons. Due to their small mass the energy
exchange between them and ions is much slower than
equilibration within them or any of the ion species. Con-
sequently, electron temperature should generally be dis-
tinguished in fluid plasma models. Also, in a vast range
of scenarios plasmas are quasi-neutral and so, if N were
the total number of plasma species, there would be only
N − 2 independent species concentrations as opposed to
N−1 in anN -component gas mixture. However, these is-
sues can be easily circumvented by considering separately
the two subsystems: all the ion species (ionic mixture)
on the one hand and electrons on the other hand, which
interact through collisions and fields. Evaluation of the
ion transport then reduces to the classical problem of a
mixture under external forces, making it possible to use
the well-established prescriptions from the conventional
kinetic theory of diluted gases.
Accordingly, in what follows we let N denote the num-
ber of the ion species and exploit results from various
sources obtained with either Chapman-Enskog [3–5] or
Grad [2] methods. The resulting compact representation
for the transport coefficients is summarized in Sec. II.
These formulas involve matrix elements, whose expres-
sions in terms of the generalized Coulomb logarithms
Ξ
(l,k)
αβ are given in Sec. III. Once the effective potential,
and therefore Ξ
(l,k)
αβ , are known equations of Sections II
and III provide explicit transport results. In particular,
in the weakly coupled limit considered in Sections IV and
2V, Ξ
(l,k)
αβ can be calculated analytically, thereby giving
fully analytical expressions for all the transport coeffi-
cients. Finally, Section VI describes the numerical rou-
tines, which implement the formalisms for weakly and
arbitrarily coupled plasmas.
II. MATRIX REPRESENTATION FOR
TRANSPORT COEFFICIENTS
In what follows, xα = nα/ni and cα = ρα/ρ denote the
number and mass fractions of the ion species α, respec-
tively, where nα and ρα are the number and mass den-
sities of the ion species α, respectively, and ni =
∑
α nα
and ρ =
∑
α ρα are the total number and mass densities
of the ionic mixture, respectively. Partial pressure of the
ion species α is denoted by pα and the total pressure of
the ionic mixture is denoted by pi =
∑
α pα. Finally, mα
and Zα are the particle mass and charge number of the
ion species α, respectively.
We also define the collision frequency between plasma
species α and β by
ναβ =
4
√
2πZ2αZ
2
βe
4γ
3/2
αβ nβ
3µ2αβ
Ξαβ . (1)
In Eq. (1), µαβ = mαmβ/(mα+mβ) is the reduced mass
and γαβ = γαγβ/(γα + γβ) with γα ≡ mα/(kBTα) and
T1 = T2 ≡ Ti need to be set for ion species with com-
parable masses. Finally, Ξαβ ≡ Ξ(1,1)αβ is the lowest order
generalized Coulomb logarithm, which was introduced in
Ref. [1]. Equation (1) reduces to the familiar expression
in the weakly coupled limit, in which Ξαβ becomes the
conventional Coulomb logarithm lnΛ [6].
A. Diffusive flux
Diffusive velocity of the ion species α is given by
~Vα = −
∑
β
Dαβ ~dβ +D
(T )
α ∇ lnTi, (2)
where ~dα includes all the thermodynamic forces other
than ∇Ti:
~dα =
∇pα − cα∇pi
pi
− ρα
pi
(
~Xα −
N∑
β=1
cβ ~Xβ
)
. (3)
In Eq. (3), ~Xβ are forces that are external with respect
to the ionic mixture. In the absence of the magnetic field
and forces that are external with respect to the plasma as
a whole, ~Xβ only includes the thermal force ~R
(T )
βe exerted
by electrons on the ion species β and the electric field ~E:
~Xβ = ~R
(T )
βe /ρβ + Zβe
~E/mβ, (4)
since the effect of the electron-ion dynamic friction on
the ion transport can be neglected for realistic electron
currents [7].
To evaluate the diffusive flux from the background gra-
dients one thus needs to know the ordinary and ther-
mal diffusion coefficients, Dαβ and D
(T )
α . A number of
equivalent representations for these can be found in lit-
erature [2–5]. Here we utilize the formalism by Ferziger
and Kaper [5] and use the Kramers rule to write the
ξth Chapman-Enskog approximation to the ordinary and
thermo-diffusion coefficients in the form of Ref. [4]
[Dαβ ]ξ = − 4
25ni|
↔
M |
×
∣∣∣∣∣∣∣∣∣∣∣∣
↔
M (0,0)
↔
M (0,1) . . .
↔
M (0,ξ−1) ~δkβ − ~ck
↔
M (1,0)
↔
M (1,1) . . .
↔
M (1,ξ−1) ~0
...
...
. . .
...
...
↔
M (ξ−1,0)
↔
M (ξ−1,1) . . .
↔
M (ξ−1,ξ−1) ~0
~δkα ~0 . . . ~0 0
∣∣∣∣∣∣∣∣∣∣∣∣
(5)
and
[D(T )α ]ξ = −
2
5ni|
↔
M |
×
∣∣∣∣∣∣∣∣∣∣∣∣
↔
M (0,0)
↔
M (0,1) . . .
↔
M (0,ξ−1) ~0
↔
M (1,0)
↔
M (1,1) . . .
↔
M (1,ξ−1) ~xk
...
...
. . .
...
...
↔
M (ξ−1,0)
↔
M (ξ−1,1) . . .
↔
M (ξ−1,ξ−1) ~0
~δkα ~0 . . . ~0 0
∣∣∣∣∣∣∣∣∣∣∣∣
, (6)
where blocks
↔
M (i,j) are N ×N matrices, whose elements
are provided in the next subsection. In Eqs. (5) and (6),
|↔M | denotes the determinant of the ξN × ξN matrix ↔M
composed of
↔
M (i,j). The determinants in the numerator
are obtained by appending
↔
M with a row and a column
that are, in turn, composed of N -element vectors indi-
cated by the arrow sign and the last element, scalar 0.
The k-th element in such a vector is given by the corre-
sponding expressions, in which δkl is the Kronecker delta
and vk appearing in the upper right corner in the numer-
ator on the right side of Eq. (5) is equal to 0 for k = 1
and δkβ − ck for 2 ≤ k ≤ N .
In the employed formalism the ordinary diffusion co-
efficients are symmetric, Dαβ = Dβα, and also satisfy
the constraints
∑
α cαDαβ = 0 for β = 1...N , so there
are only N(N − 1)/2 independent coefficients. Thermo-
diffusion coefficients satisfy the constraint
∑
α cαD
(T )
α =
0, so there are N − 1 independent coefficients. It can
be observed straight from Eq. (6) that thermo-diffusion
vanishes in the lowest order approximation.
Finally, we notice that the above expressions provide
the kinetic part of the diffusive flux. At finite coupling
there should generally be a thermodynamic prefactor. In
3the presented formalism it is included through the partial
ionic pressure in the first term on the right side of Eq. (3)
and can be retrieved from the equation of state of coupled
multi-component plasma.
B. Heat flux
The heat flux of the ion species α is written as
~qα = −λ′α∇Ti − niTiD(T )α ~dα − hα~Vα, (7)
where hα is the enthalpy density of the species α and the
heat conductivity λ′α is given by
[λ′α]ξ = −
1
|↔M |
×
∣∣∣∣∣∣∣∣∣∣∣∣
↔
M (0,0)
↔
M (0,1) . . .
↔
M (0,ξ−1) ~0
↔
M (1,0)
↔
M (1,1) . . .
↔
M (1,ξ−1) ~xkδkα
...
...
. . .
...
...
↔
M (ξ−1,0)
↔
M (ξ−1,1) . . .
↔
M (ξ−1,ξ−1) ~0
~0 ~xk ~0 . . . ~0 0
∣∣∣∣∣∣∣∣∣∣∣∣
,
(8)
where the matrix
↔
M and notation are the same as in the
preceding subsection. The total ion heat flux is written
as
~qα = −λ′i∇Ti − niTi
∑
α
D(T )α
~dα −
∑
α
hα~Vα, (9)
where the total heat conductivity of the ionic mixture is
given by
[λ′i]ξ = −
1
|↔M |
× (10)
∣∣∣∣∣∣∣∣∣∣∣∣
↔
M (0,0)
↔
M (0,1) . . .
↔
M (0,ξ−1) ~0
↔
M (1,0)
↔
M (1,1) . . .
↔
M (1,ξ−1) ~xk
...
...
. . .
...
...
↔
M (ξ−1,0)
↔
M (ξ−1,1) . . .
↔
M (ξ−1,ξ−1) ~0
~0 ~xk ~0 . . . ~0 0
∣∣∣∣∣∣∣∣∣∣∣∣
(11)
C. Viscosity
The viscous stress tensor of the ion species α is written
as π↔α = −ηα
↔
W , where the rate-of-strain tensor
↔
W is
defined by
Wjk =
∂uj
∂xk
+
∂uk
∂xj
− 2
3
∇ · ~u (12)
with ~u being the plasma center-of-mass velocity. The
partial viscosity coefficient is given by
[ηα]ξ = − 1|L↔|
×
∣∣∣∣∣∣∣∣∣∣∣∣
L
↔
(0,0) L
↔
(0,1) . . . L
↔
(0,ξ−1) ~xkδkα
L
↔
(1,0) L
↔
(1,1) . . . L
↔
(1,ξ−1) ~0
...
...
. . .
...
...
L
↔
(ξ−1,0) L
↔
(ξ−1,1) . . . L
↔
(ξ−1,ξ−1) ~0
~xk ~0 . . . ~0 0
∣∣∣∣∣∣∣∣∣∣∣∣
, (13)
and the total viscosity of the ionic mixture is given by
[ηi]ξ = − 1|L↔|
×
∣∣∣∣∣∣∣∣∣∣∣∣
L
↔
(0,0) L
↔
(0,1) . . . L
↔
(0,ξ−1) ~xk
L
↔
(1,0) L
↔
(1,1) . . . L
↔
(1,ξ−1) ~0
...
...
. . .
...
...
L
↔
(ξ−1,0) L
↔
(ξ−1,1) . . . L
↔
(ξ−1,ξ−1) ~0
~xk ~0 . . . ~0 0
∣∣∣∣∣∣∣∣∣∣∣∣
. (14)
III. MATRIX ELEMENTS IN TERMS OF THE GENERALIZED COULOMB LOGARITHMS
It is convenient to introduce Ξ¯
(l,k)
αβ ≡ Ξ(l,k)αβ /Ξ(1,1)αβ . Then, elements of matrix
↔
M can be written as follows: for the
first row of the uppermost leftmost block (i = j = 0, α = 1)
M
(0,0)
1β = cβ, β = 1..N, (15)
4for the first rows of the remaining uppermost blocks (i = 0, 0 < j ≤ ξ − 1, α = 1)
M
(0,j)
1β = 0, β = 1..N (16)
and for all other elements
M
(i,j)
αβ =
8(mαmβ)
1/2
75Ti
(
δαβ
N∑
χ=1
xαxχA
(i,j)
αχ + xαxβB
(i,j)
αβ
)
, (17)
where A
(i,j)
αβ and B
(i,j)
αβ are related to standard bracket integrals [5] so one can find A
(l,k)
αβ = 3ναβ/(16nβ)A¯
(l,k)
αβ and
B
(l,k)
αβ = 3ναβ/(16nβ)B¯
(l,k)
αβ with ναβ defined by Eq. (1) and
A¯
(0,0)
αβ = 8µβ (18)
A¯
(0,1)
αβ = 8µ
2
β
(5
2
− Ξ¯(1,2)αβ
)
(19)
A¯
(1,1)
αβ = 8µβ
[5
4
(6µ2α + 5µ
2
β)− 5µ2βΞ¯(1,2)αβ + µ2βΞ¯(1,3)αβ + 2µαµβΞ¯(2,2)αβ
]
(20)
A¯
(0,2)
αβ = 4µ
3
β
(35
4
− 7Ξ¯(1,2)αβ + Ξ¯(1,3)αβ
)
(21)
A¯
(1,2)
αβ = 8µ
2
β
[35
16
(12µ2α + 5µ
2
β)−
21
8
(4µ2α + 5µ
2
β)Ξ¯
(1,2)
αβ +
19
4
µ2βΞ¯
(1,3)
αβ −
1
2
µ2βΞ¯
(1,4)
αβ + 7µαµβΞ¯
(2,2)
αβ − 2µαµβΞ¯(2,3)αβ
]
(22)
A¯
(2,2)
αβ = 8µβ
[35
64
(40µ4α + 168µ
2
αµ
2
β + 35µ
4
β)−
7
8
µ2β(84µ
2
α + 35µ
2
β)Ξ¯
(1,2)
αβ +
1
8
µ2β(108µ
2
α + 133µ
2
β)Ξ¯
(1,3)
αβ
− 7
2
µ4βΞ¯
(1,4)
αβ +
1
4
µ4βΞ¯
(1,5)
αβ +
7
2
µαµβ(4µ
2
α + 7µ
2
β)Ξ¯
(2,2)
αβ − 14µαµ3βΞ¯(2,3)αβ + 2µαµ3βΞ¯(2,4)αβ + 2µ2αµ2βΞ¯(3,3)αβ
]
(23)
B¯
(0,0)
αβ = −8µ1/2α µ1/2β (24)
B¯
(0,1)
αβ = −8µ3/2α µ1/2β
(5
2
− Ξ¯(1,2)αβ
)
(25)
B¯
(1,1)
αβ = −8µ3/2α µ3/2β
(55
4
− 5Ξ¯(1,2)αβ + Ξ¯(1,3)αβ − 2Ξ¯(2,2)αβ
)
(26)
B¯
(0,2)
αβ = −4µ5/2α µ1/2β
(35
4
− 7Ξ¯(1,2)αβ + Ξ¯(1,3)αβ
)
(27)
B¯
(1,2)
αβ = −8µ5/2α µ3/2β
(595
16
− 189
8
Ξ¯
(1,2)
αβ +
19
4
Ξ¯
(1,3)
αβ −
1
2
Ξ¯
(1,4)
αβ − 7Ξ¯(2,2)αβ + 2Ξ¯(2,3)αβ
)
(28)
B¯
(2,2)
αβ = −8µ5/2α µ5/2β
(8505
64
− 833
8
Ξ¯
(1,2)
αβ +
241
8
Ξ¯
(1,3)
αβ −
7
2
Ξ¯
(1,4)
αβ +
1
4
Ξ¯
(1,5)
αβ −
77
2
Ξ¯
(2,2)
αβ + 14Ξ¯
(2,3)
αβ
− 2Ξ¯(2,4)αβ + 2Ξ¯(3,3)αβ
)
. (29)
Elements of matrix L
↔
are given by
L
(i,j)
αβ =
2
5Ti
(
δαβ
N∑
χ=1
xαxχC
(i,j)
αχ + xαxβK
(i,j)
αβ
)
, (30)
where C
(l,k)
αβ = 3ναβ/(16nβ)C¯
(l,k)
αβ and K
(l,k)
αβ = 3ναβ/(16nβ)K¯
(l,k)
αβ and
C¯
(0,0)
αβ =
16
3
µβ
(
5µα +
3
2
µβΞ¯
(2,2)
αβ
)
(31)
C¯
(0,1)
αβ =
16
3
µ2β
(35
2
µα − 7µαΞ¯(1,2)αβ +
21
4
µβΞ¯
(2,2)
αβ −
3
2
µβΞ¯
(2,3)
αβ
)
(32)
C¯
(1,1)
αβ =
16
3
µβ
[1
4
µα(140µ
2
α + 245µ
2
β)− 49µαµ2βΞ¯(1,2)αβ + 8µαµ2βΞ¯(1,3)αβ +
1
8
µβ(154µ
2
α + 147µ
2
β)Ξ¯
(2,2)
αβ
− 21
2
µ3βΞ¯
(2,3)
αβ +
3
2
µ3βΞ¯
(2,4)
αβ + 3µαµ
2
βΞ¯
(3,3)
αβ
]
(33)
K¯
(0,0)
αβ = −
16
3
µαµβ
(
5− 3
2
Ξ¯
(2,2)
αβ
)
(34)
5K¯
(0,1)
αβ =
16
3
µ2αµβ
(
−35
2
+ 7Ξ¯
(1,2)
αβ +
21
4
Ξ¯
(2,2)
αβ −
3
2
Ξ¯
(2,3)
αβ
)
(35)
K¯
(1,1)
αβ = −
16
3
µ2αµ
2
β
(385
4
− 49Ξ¯(1,2)αβ + 8Ξ¯(1,3)αβ −
301
8
Ξ¯
(2,2)
αβ +
21
2
Ξ¯
(2,3)
αβ −
3
2
Ξ¯
(2,4)
αβ + 3Ξ¯
(3,3)
αβ
)
. (36)
In Eqs. (18)-(29) and (31)-(36), µα = mα/(mα+mβ) and µβ = mβ/(mα+mβ) and due to symmetry properties of
the bracket integrals A¯
(i,j)
αβ = A¯
(j,i)
αβ , B¯
(i,j)
αβ = B¯
(j,i)
βα , C¯
(i,j)
αβ = C¯
(j,i)
αβ and K¯
(i,j)
αβ = K¯
(j,i)
βα [5]. The explicit expressions for
the matrix elements provided in this Section can thus be used for evaluating the first to third order Chapman-Enskog
approximations to the diffusive and heat fluxes and the first to second order Chapman-Enskog approximations to the
viscosities. If higher accuracy is desired, one can retrieve the bracket integrals for larger i and j from prescription of
Ref. [5]. However, as known from earlier works [2, 8], going to higher order does not result in significant changes in
the transport coefficients for weakly coupled plasmas and, as the more recent study [9] revealed, the role of higher
order corrections can only diminish with coupling within the EPT framework.
IV. MATRIX ELEMENTS IN THE WEAKLY
COUPLED LIMIT
In the weakly coupled limit [6]
Ξ¯
(l,k)
αβ = l(k − 1)!, (37)
greatly simplifying Eqs. (18)-(29) and (31)-(36) and mak-
ing representation for the transport coefficients particu-
larly compact:
A¯
(0,0)
αβ = 8µβ (38)
A¯
(0,1)
αβ = 12µ
2
β (39)
A¯
(1,1)
αβ = 2µβ(30µ
2
α + 16µαµβ + 13µ
2
β) (40)
A¯
(0,2)
αβ = 15µ
3
β (41)
A¯
(1,2)
αβ =
3
2
µ2β(84µ
2
α + 32µαµβ + 23µ
2
β) (42)
A¯
(2,2)
αβ =
1
8
µβ(1400µ
4
α + 1792µ
3
αµβ + 3672µ
2
αµ
2
β
+ 1088µαµ
3
β + 433µ
4
β) (43)
B¯
(0,0)
αβ = −8µ1/2α µ1/2β (44)
B¯
(0,1)
αβ = −12µ3/2α µ1/2β (45)
B¯
(1,1)
αβ = −54µ3/2α µ3/2β (46)
B¯
(0,2)
αβ = −15µ5/2α µ1/2β (47)
B¯
(1,2)
αβ = −
225
2
µ5/2α µ
3/2
β (48)
B¯
(2,2)
αβ = −
2625
8
µ5/2α µ
5/2
β (49)
C¯
(0,0)
αβ =
16
3
µβ(5µα + 3µβ) (50)
C¯
(0,1)
αβ = 8µ
2
β(7µα + 3µβ) (51)
C¯
(1,1)
αβ =
4
3
µβ(140µ
3
α + 154µ
2
αµβ + 185µαµ
2
β + 51µ
3
β)
(52)
K¯
(0,0)
αβ = −
32
3
µαµβ (53)
K¯
(0,1)
αβ = −32µ2αµβ (54)
K¯
(1,1)
αβ = −160µ2αµ2β . (55)
The matrix elements M
(i,j)
αβ and L
(i,j)
αβ are obtained by
using the above expressions in Eqs. (17) and (30), re-
spectively.
V. TRANSPORT IN WEAKLY COUPLED
PLASMAS
Here we illustrate application of the presented formu-
lary by considering transport in weakly coupled plasmas.
We begin by noticing that pα = xαpi and so the first
term on the right side of Eq. (3) becomes
∇pα − cα∇pi
pi
= ∇xα + (xα − cα)∇ ln pi. (56)
Next, we evaluate the second term on the right side of
Eq. (3) with the help of Eq. (4). To do so we first notice
that ~R
(T )
ei = −B(e)e ne∇Te = −
∑N
β=1
~R
(T )
βe , where
~R
(T )
ei is
the total thermal force exerted on electrons by all the ion
species. We also use that contribution to this total force
from an ion species β is proportional to nβZ
2
β , making
~R
(T )
βe =
nβZ
2
β
Zeff
B(e)e ∇Te, (57)
where Zeff ≡ (
∑N
β=1 nβZ
2
β)/ne is the effective ion charge
number and the electron-ion thermal force coefficient can
be found in literature [2]:
B(e)e ≈
0.47 + 0.94Z−1
eff
0.31 + 1.20Z−1
eff
+ 0.41Z−2
eff
. (58)
As a proof of principle one can also obtain electron-
ion thermal force from formulas of subsection IIA by
taking N = 2 and interpreting component “1” as the
electrons and component “2” as the single ion species
with the charge number Zeff . Then, by setting n2 =
Zeffn1 to enforce quasi-neutrality and evaluating B
(e)
e =
c1nD
(T )
1 /(n1D12) [10] with Zeff equal to 1, 2, 3 and 4 one
can reproduce Braginskii’s results for the thermal force
6coefficient [8]. By utilizing (me/mi)
1/2 ≪ 1 one can also
simplify the determinant on the right side of Eq. (6) to re-
cover the analytical expression (58), which was originally
obtained by Zhdanov by separating the electron and ion
moment equations [2]. Of course, Eq. (58) evaluated at
Zeff = 1, 2, 3 and 4 gives Braginskii’s results as well.
Using Eq. (56) and Eq. (4) along with Eq. (57), we find
the diffusion driving force from Eq. (3)
~dα = ∇xα + (xα − cα)∇ ln pi − cα
( Z2α
mα
−
N∑
β=1
cβZ
2
β
mβ
)
×
ρ
ni
Te
Ti
B
(e)
e
Zeff
∇ logTe − cα
( Zα
mα
−
N∑
β=1
cβZβ
mβ
) ρ
ni
e ~E
Ti
. (59)
Eq. (59) and formulas of Section II with the matrix el-
ements of Section IV give fully analytical expressions for
all the transport coefficients in a weakly coupled plasma
with N ion species. We now consider the case N = 2
and write the diffusive mass flux ρα~Vα of the lighter ion
species in the Landau-Lifshitz form [11]
~i = −ρD
(
∇c+ kp∇ log pi + ekE
Ti
∇Φ + k(i)T ∇ log Ti
+ k
(e)
T ∇ logTe
)
, (60)
where ~i ≡ ~il = −~ih and c ≡ cl = 1 − ch with subscripts
“l” and “h” denoting the light and heavy ion species,
respectively. Using that
∇xl = −∇xh = 1
mlmh
( ρ
ni
)2
∇c (61)
and comparing Eq. (60) and Eqs. (2)-(4) it is straightfor-
ward to see that the ordinary diffusion coefficient given
by Eq. (5) is related to the classical diffusion coefficient
D of Landau and Lifzhitz through
D = − ρ
2Dlh
mlmhn2i
, (62)
and is also equal to the “binary diffusion coefficient” D12
of Ferziger and Kaper. In turn, the thermo-diffusion ratio
with the ion temperature gradient can be recovered from
k
(i)
T =
cmlmhn
2
iD
(T )
l
ρ2Dlh
. (63)
One can then utilize Eqs. (5) and (6) to reproduce
the results for the thermo-diffusion ratio with the ion
temperature gradient from Fig. 2 of our earlier work [12].
The dynamic friction results, shown in Fig. 1 of the
same publication, can be reproduced by computing Alh =
[Dlh]1/[Dlh]3 from Eq. (5).
Finally, our earlier result for the baro-diffusion ratio kp
can be reproduced by evaluating the right side of Eq. (56)
with the help of Eq. (61), and the results for the electro-
diffusion ratio kE and thermo-diffusion ratio with the
electron temperature gradient k
(e)
T by evaluating the right
side of Eq. (59) with N = 2.
VI. NUMERICAL ROUTINES
The presented expressions for the transport coefficients
have been implemented in Matlab routines, which can be
downloaded from the corresponding links in the “ancil-
lary files” field on this article webpage. These routines do
not involve symbolic math operations and can be read-
ily adopted in any other standard programming environ-
ment.
For coupled plasmas one has to use formulas of
Section II along with matrix elements of Section III.
These are implemented in “heat diffusion.m” and
“viscosity.m”, which return the corresponding trans-
port coefficients along with the reduced masses µαβ and
effective binary collision frequencies ναβ . The arguments
are the temperature, N -element vectors of the species
masses, charge numbers and number densities, and an
array of Ξ
(l,k)
αβ .
The generalized Coulomb logarithms Ξ
(l,k)
αβ are to be
calculated separately as described in Ref. [1]. The Matlab
data file “xi lk ocp.mat” with the generalized Coulomb
logarithms for the one-component plasma (OCP) of hy-
drogen is also included. Since the effective potential in-
troduced in Ref. [1] is not sensitive to relative concentra-
tions of species with the same charge number, one can
use the same data for evaluating transport in a mixture
of hydrogen isotopes as well as in OCP. To illustrate ap-
plication of the transport formalism for coupled plasmas,
we include routine “example coupled.m”, which sub-
mits the data from xi lk ocp.mat to heat diffusion.m
and viscosity.m to evaluate the transport in OCP and
in the binary DT mixture. The output is then plotted to
reproduce the OCP results shown in Fig. 7 of Ref. [9] and
the DT results shown in Fig. 1 of the same publication.
To calculate the transport coefficients for weakly cou-
pled plasmas one can use the same routines by sub-
mitting the right side of Eq. (37) for Ξ¯
(l,k)
αβ . How-
ever, it is more computationally efficient to directly code
the much simplified expressions for the bracket integrals
from Section IV of this note. The simplified routines
“heat diffusion weak.m” and “viscosity weak.m”
are also included as ancillary files. The Matlab script
“example weak.m” illustrates their application by us-
ing heat diffusion weak.m to calculate the dynamic
friction coefficient Alh and thermo-diffusion ratio k
(i)
T as
functions of c for a binary ionic mixture. By appropri-
ately setting the ion masses and charge numbers one can
then reproduce the results of Figs. 1 and 2 of Ref. [12].
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